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Abstract
In this work we analyse the constraints imposed by Poincare´ symmetry on the gravitational
form factors appearing in the Lorentz decomposition of the energy-momentum tensor matrix
elements for massive states with arbitrary spin. By adopting a distributional approach, we
prove for the first time non-perturbatively that the zero momentum transfer limit of the leading
two form factors in the decomposition are completely independent of the spin of the states. It
turns out that these constraints arise due to the general Poincare´ transformation and on-shell
properties of the states, as opposed to the specific characteristics of the individual Poincare´
generators themselves. By expressing these leading form factors in terms of generalised parton
distributions, we subsequently derive the linear and angular momentum sum rules for states
with arbitrary spin.
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1
1 Introduction
The matrix elements of local operators are of central importance in characterising the non-
perturbative structure of any quantum field theory (QFT). In the case of the energy-momentum
tensor (EMT) these matrix elements encode a wide variety of different phenomena, from the
quantum corrections which arise in the gravitational motion of particles, to the distribution of
mass and angular momentum within hadrons [1–6]. Although there is a significant breadth of
literature on these objects, most of these studies have chosen to focus on particular cases where
the states have lower spin (generally spin 0, 12 , or 1 [2–11]) or correspond to specific particles,
as opposed to analysing the constraints imposed for arbitrary states. Whilst this approach has
proven to be successful phenomenologically, it potentially risks obscuring the underlying prop-
erties governing these constraints, preventing one from separating model-specific and general
QFT effects.
An important feature of EMT matrix elements, like any other local matrix elements, is that they
can be decomposed into a series of Lorentz structures. The coefficients of these terms, known as
the gravitational form factors (GFFs), are constrained by the symmetry properties of the EMT,
together with its conservation and the physical requirement that the states are on shell. Al-
though this structure has been understood for many years, the subsequent form factor analyses
have generally contained technical difficulties such as in the handling of boundary terms and the
construction of well-defined normalisable states, leading to incorrect conclusions, as discussed
in detail in [12]. In [13] it was demonstrated in the spin- 12 case that these difficulties can be
circumvented by taking into account the distributional characteristics of the Poincare´ charge
operators and matrix elements, avoiding the necessity to define the wave-packet structure of the
physical states themselves. These characteristics arise as a consequence of the fact that in local
formulations of QFT fields are defined to be operator-valued distributions which satisfy a series
of physically motivated axioms, including locality and relativistic covariance [14–16]. Since these
axioms are assumed to hold independently of the coupling regime, this framework allows one to
derive genuine non-perturbative constraints in a purely analytic manner. The main conclusion
of [13] was that the zero momentum transfer limit of the leading two GFFs in the spin- 12 EMT
matrix element decomposition are completely constrained by the Poincare´ transformation and
on-shell properties of the states. This raises an important question: does this characteristic con-
tinue to hold for higher spin states, and if so, how is this limit affected by the spin of the states?
The main goal of this work will be to address this question. As a by-product, by relating these
leading GFFs to generalised parton distributions (GPDs), which can be in principle be accessed
in processes such as deeply virtual Compton scattering (DVCS) [17–19], the generalisation of
the well-known spin- 12 sum rules can be analysed for arbitrary spin states.
The remainder of this paper is structured as follows: in Sec. 2 we define the leading terms
which appear in the decomposition of the EMT matrix elements for massive states of arbitrary
spin. Using this decomposition in Sec. 3 we then apply the procedure developed in [13] to the
angular momentum and boost matrix elements, and outline the subsequent constraints on the
GFFs. In Sec. 4 we generalise this approach to the covariant Lorentz generators, and discuss
the implications of these results in Sec. 5. Finally, in Sec. 6 we conclude by summarising our
key findings.
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2 Gravitational form factors for arbitrary spin states
In order to analyse the constraints imposed on the GFFs appearing in the decomposition of
the EMT matrix elements for states of arbitrary spin, one must first outline how these states
are defined. Due to the distributional nature of quantised fields it follows that any definite
momentum eigenstate |p〉 is in fact a distributional -valued state [16]. Normalisable states |g〉 =∫
d4p g(p)|p〉 are constructed by integrating |p〉 with test functions (or wave-packets) g(p), chosen
to belong to the space of Schwartz functions of fast decrease S(R1,3). As will be discussed later,
this choice of test functions also plays an important role in the definition of charge operators.
For the purposes of the analysis in this paper we will be concerned only with massive physical
on-shell states. Since |p〉 is a priori defined for any four-momentum p ∈ R1,3, one can impose
this requirement by considering eigenstates which are restricted to the upper hyperboloid Γ+M =
{p ∈ R1,3 : p2 =M2, p0 > 0} as follows
|p,m;M〉 = δ
(+)
M (p)|p,m〉 ≡ 2π θ(p
0) δ(p2 −M2)|p,m〉, (1)
where M is the mass of the state and m is the canonical spin projection in the z-direction. As
a result, even if the test function g(p) has support outside of the mass shell, the normalisable
state |g〉 satisfies the mass shell constraint. Since the norm of the unrestricted eigenstate |p,m〉
is given by 〈p′,m′|p,m〉 = 2p0 (2π)3δ3(p′ − p) δm′m, the above definition implies that the inner
product of the on-shell states has the following Lorentz-covariant form
〈p′,m′;M |p,m;M〉 = (2π)4δ4(p′ − p) δ
(+)
M (p) δm′m. (2)
Now it remains to parametrise the EMT matrix elements with respect to these states. Taking
the EMT operator T µν to be symmetric it follows from the conservation of this current, together
with the Lorentz covariance and discrete space-time symmetries, that the matrix elements for
arbitrary spin can be written [20]
〈p′,m′;M |T µν(0)|p,m;M〉 = ηm′(p
′)Oµν(p′, p)ηm(p) δ
(+)
M (p
′) δ
(+)
M (p), (3)
with the Lorentz covariant factor
Oµν(p′, p) = p¯{µp¯ν}A(q2) + ip¯{µSν}ρqρG(q
2) + · · · (4)
The · · · indicates contributions with an explicitly higher-order dependence on the four-momentum
transfer q = p′−p. We define the average four-momentum: p¯ = 12 (p
′+p) and the symmetrisation:
a{µbν} = aµbν+aνbµ. Sµν are the Lorentz generators in the chosen spin representation and ηm(p)
are the arbitrary spin generalisation of the spinor and polarisation vector in the half-odd and
half-even spin cases respectively. In particular, in the spin- 12 case one has that: S
µν = i4 [γ
µ, γν ],
ηm(p) ∝ um(p), and Eq. (3) agrees
1 with the well-known matrix element parametrisation of
the nucleon EMT [21]. The parametrisation (3) also assumes that the covariant density matrix
[ρm′m(p)]
A
B = [ηm(p)]
A[ηm′(p)]B has the mass-independent normalisation
Tr[ρm′m(p)] = [ηm(p)]
A[ηm′(p)]A = ηm′(p)ηm(p) = δm′m. (5)
Note that the trace is performed in the spin representation space only. A characteristic feature
of Eq. (3) is that the arbitrary spin ηm(p) appear in a purely external manner, and that the
complexity of this expression is determined by the possible combinations of contracting p¯µ and
Sµν with qµ, whilst respecting the conservation and symmetry of T µν . Eq. (3) also makes it
1Here we have chosen to define a single form factor G(q2) for the component involving the Lorentz generator, so
G(q2) = A(q2) +B(q2) in comparison with [13] for the spin- 1
2
case.
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manifest that the non-perturbative structure is completely encoded in the GFFs.
Now that the structure of the EMT matrix elements for arbitrary spin has been determined, in
the proceeding sections we will apply an analogous approach to [13] in order to derive constraints
on the GFFs A(q2) and G(q2). In [20] these constraints were outlined using a perturbative grav-
itational approach together with the Rarita-Schwinger representation. Two other derivations
were also proposed in [22]: one based on the expansion of the EMT in momentum space2, and
another using Schwinger’s multispinor formalism together with a non-relativistic expansion. In
contrast to these former works the proof we provide is purely non-perturbative, and relies only
on the Poincare´ invariance of the QFT and the distributional properties of the matrix elements.
Moreover, this approach properly takes into account Wigner rotation effects, and does not re-
quire one to consider a non-relativistic expansion or a particular massive spin representation of
the states.
3 Lorentz generator matrix elements
In [13] it was first demonstrated that one can derive constraints on the GFFs by performing
a distributional matching procedure. This procedure involves comparing the parametrisation
of the matrix elements of the Poincare´ charges with the representation that results from the
explicit action of these charges on the states. Due to the distributional nature of the Poincare´
currents, a rigorous definition of the corresponding charges requires integration with a sequence
of appropriate test functions. As will be emphasised in the calculations that follow, taking into
account the subtleties of these charge definitions is essential for obtaining consistent form factor
constraints. A more detailed discussion of the motivation behind the various charge definitions
can be found in [13] and references within.
3.1 Angular momentum matrix element
Let us start with the angular momentum operator J i. Its rigorous definition reads
J i =
1
2
ǫijk lim
d→0
R→∞
∫
d4x fd,R(x)
[
xjT 0k(x)− xkT 0j(x)
]
, (6)
where fd,R(x) ≡ αd(x
0)FR(x) ∈ S(R
1,3), and the test functions αd, FR satisfy the conditions∫
dx0 αd(x
0) = 1, αd(x
0)
d→0
−−−→ δ(x0), (7)
FR(0) = 1, FR(x)
R→∞
−−−−→ 1. (8)
This definition guarantees that J i is convergent within matrix elements, and also independent of
the specific choice of test functions used in the limit3. Using this definition and a translation of
the EMT operator T µν(x) = eiP ·x T µν(0) e−iP ·x, it follows that the angular momentum matrix
2We observe that this first derivation contains a loophole since a possible contribution of the type p¯µp¯νJ0ρqρ,
allowed owing to Wigner rotation effects [23], has not been considered. This is in line with [12], where the fallacy of
the expansion used in [22] (and also later in [24]) was pointed out.
3The independence of the choice of temporal test function αd can in particular be interpreted as the quantum
generalisation of the time independence of the charge [25].
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element between the states |p,m;M〉 can be written
〈p′,m′;M |J i|p,m;M〉 = ǫijk lim
d→0
R→∞
∫
d4x fd,R(x)x
jeiq·x 〈p′,m′;M |T 0k(0)|p,m;M〉
= −iǫijk lim
d→0
R→∞
∂f˜d,R(q)
∂qj
〈p′,m′;M |T 0k(0)|p,m;M〉, (9)
with f˜d,R(q) =
∫
d4x eiq·xfd,R(x). From the conditions in Eqs. (7) and (8) one has that
lim
d→0
R→∞
f˜d,R(q) = (2π)
3δ3(q), (10)
which due to Eq. (9) implies that one must determine the product of derivatives of delta
∂jδ3(q) = ∂
∂qj
δ3(q) and other factors in order to evaluate the full matrix element. The general
form for this type of covariant distributional expression is derived in Appendix A. In particular,
using the parametrisation in Eq. (3) together with Eq. (63) it follows that Eq. (9) can be written
〈p′,m′;M |J i|p,m;M〉 = (2π)4δ
(+)
M (p¯)J
i
m′m(p¯, q), (11)
with the reduced matrix element
J im′m(p¯, q) = −iǫ
ijkp¯k
[
δm′m ∂
jδ4(q)− ∂j[ηm′(p
′)ηm(p)]
∣∣
q=0
δ4(q)
]
A(q2)
+
1
2
ǫijk
[
ηm′(p¯)S
jkηm(p¯)
]
δ4(q)G(q2). (12)
It is important to note that the temporal derivative of δ4(q) which can potentially appear due
to Eq. (63) drops out of this expression due to the contraction with ǫijk p¯k. In order to further
simplify this expression one needs to evaluate the derivative term for arbitrary spin. As proved
in Appendix B, it turns out that one has the following closed form expression
∂
∂qj
[ηm′(p
′)ηm(p)]
∣∣∣∣
q=0
=
i
|p¯|2
ǫjlr p¯l [Σrm′m(p¯)− Σ
r
m′m(k)] , (13)
where kµ = Mgµ0 is rest-frame four-momentum, and Σim′m(p¯) = Tr
[
ρm′m(p¯)Σ
i
]
with Σi =
1
2ǫ
ijkSjk the spin matrices in the chosen spin representation. Inserting Eq. (13) into Eq. (12)
then gives
J im′m(p¯, q) =
[
Σim′m(k)− δm′m iǫ
ijk p¯k∂j
]
δ4(q)A(q2)
+ Σim′m(p¯) δ
4(q)
[
G(q2)−A(q2)
]
, (14)
where we used the fact that helicity (i.e. spin projection along momentum) is invariant under
longitudinal boosts: ˆ¯p ·Σm′m(p¯) = ˆ¯p ·Σm′m(k), with ˆ¯p = p¯/|p¯|.
To derive constraints on A(q2) and G(q2) one can observe that due to the transformation
properties of the states |p,m;M〉 under rotations, the J i reduced matrix elements must have
the general form
J im′m(p¯, q) =
[
Σim′m(k)− δm′m iǫ
ijkp¯k∂j
]
δ4(q), (15)
which is derived in Appendix A. Since Eqs. (14) and (15) are simply different representations
of the same matrix element, the coefficients of these distributions must coincide, which requires
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that the following identities hold
A(q2) δ4(q) = δ4(q), (16)
A(q2) ∂jδ4(q) = ∂jδ4(q), (17)[
G(q2)−A(q2)
]
δ4(q) = 0. (18)
Combining these identities implies the constraint4
A(0) = G(0) = 1, (19)
which proves that the q → 0 behaviour of the two leading GFFs in the EMT matrix element
decomposition is completely independent of both the spin and internal composition of the states,
and that the actual limiting values of these form factors coincide.
3.2 Boost matrix element
Another important point which was raised in [13] is that the constraints on the GFFs are not
specifically related to the conservation of angular momentum, contrary to what is often thought
in the literature. To emphasise this point it was demonstrated (for spin 12 ) that identical form
factor constraints can also be obtained using the matrix elements of the boost generators Ki.
Since the calculations in the preceding section concluded that A(0) = G(0) = 1 is a spin-
independent constraint, one would therefore expect that the same constraint must also arise
from the structure of 〈p′,m′;M |Ki|p,m;M〉. It turns out that this is in fact the case, as will
be demonstrated in the remainder of this section.
Similarly to J i the boost generator is rigorously defined by
Ki = lim
d→0
R→∞
∫
d4x fd,R(x)
[
x0T 0i(x)− xiT 00(x)
]
, (20)
and hence the boost matrix element can be written in the form
〈p′,m′;M |Ki|p,m;M〉 = i lim
d→0
R→∞
∂f˜d,R(q)
∂qi
〈p′;m′;M |T 00(0)|p;m;M〉. (21)
The term proportional to 〈p′,m′;M |T 0i(0)|p,m;M〉 vanishes due to the definition of the test
functions in Eqs. (7) and (8)
lim
d→0
R→∞
∫
d4x eiq·xx0 αd(x
0)FR(x) = 0. (22)
Inserting the parametrisation (3) and using Eq. (63) one can write
〈p′,m′;M |Ki|p,m;M〉 = (2π)4δ
(+)
M (p¯)K
i
m′m(p¯, q), (23)
with the reduced matrix element
Kim′m(p¯, q) = i
[
δm′m (p¯
0∂i − p¯i∂0)δ4(q)− p¯0∂i[ηm′(p
′)ηm(p)]
∣∣
q=0
δ4(q)
]
A(q2)
+
[
ηm′(p¯)S
0iηm(p¯)
]
δ4(q)G(q2). (24)
4Technically A(q2) and G(q2) are distributions in q, and so are in general not point-wise defined. Nevertheless,
one can interpret A(0) and G(0) using a limiting procedure [13].
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Due to Eq. (13) one sees that in order to further simplify this relation one requires an explicit
expression for ǫijk p¯j p¯0Σkm′m(p¯). As shown in Appendix B, due to the properties of the covariant
density matrix ρm′m(p¯) one can prove that
ǫijk p¯j p¯0Σkm′m(p¯) = −|p¯|
2 κim′m(p¯) +Mǫ
ijk p¯j Σkm′m(k), (25)
where κim′m(p¯) = Tr
[
ρm′m(p¯)κ
i
]
with κi = S0i the boost generator matrices in the chosen spin
representation. Upon insertion into Eq. (24) this finally gives
Kim′m(p¯, q) =
[
−
ǫijk p¯j
p¯0 +M
Σkm′m(k) + δm′m i(p¯
0∂i − p¯i∂0)
]
δ4(q)A(q2)
+ κim′m(p¯) δ
4(q)
[
G(q2)−A(q2)
]
. (26)
Just as the rotation transformation properties of the states |p,m;M〉 were used to constrain the
matrix elements of J i, one can perform an analogous procedure for boosts. In this case the Ki
reduced matrix elements have the general form
Kim′m(p¯, q) =
[
−
ǫijkp¯j
p¯0 +M
Σkm′m(k) + δm′m i(p¯
0∂i − p¯i∂0)
]
δ4(q), (27)
which is derived in Appendix A. Comparing this with Eq. (26) one immediately sees that the
equality of these expressions implies the same relations5 as in Eqs. (16), (17) and (18). As antic-
ipated, this result emphasises that the form factor constraints are not specific to the properties
of any one Lorentz generator. In the next section, we will instead consider the constraints im-
posed on A(q2) and G(q2) by the covariant Poincare´ generators: the four-momentum operator
Pµ, and the covariant generalisations of J i and Ki.
4 Covariant generator matrix elements
Before discussing the covariant generalisation of the rotation and boost operators, consider the
simplest case of the four-momentum operator Pµ. Although Pµ does not involve an explicit
factor of xα in its definition, Pµ is nevertheless defined by smearing with the same class of test
functions as the Lorentz generators
Pµ = lim
d→0
R→∞
∫
d4x fd,R(x)T
0µ(x) (28)
and hence the Pµ matrix element can be written as
〈p,m′;M |Pµ|p,m;M〉 = lim
d→0
R→∞
f˜d,R(q) 〈p
′,m′;M |T 0µ(0)|p,m;M〉. (29)
Inserting the form factor decomposition of Eq. (3) and applying Eq. (58) it immediately follows
that
〈p¯+ 12q,m
′;M |Pµ|p¯− 12q,m;M〉 = (2π)
4δ
(+)
M (p¯) p¯
µ δm′mA(q
2)δ4(q), (30)
where the G(q2)-dependent terms have dropped out due to the explicit q factor. Since the
on-shell states are defined to have an inner product as in Eq. (2), and |p,m;M〉 are momentum
eigenstates satisfying: Pµ|p,m;M〉 = pµ|p,m;M〉, these relations therefore imply the spin-
independent constraint
A(q2) δ4(q) = δ4(q), (31)
which is simply A(0) = 1.
5Due to the non-vanishing ∂0δ4(q) term one also has the constraint: A(q2) ∂0δ4(q) = ∂0δ4(q). However, this
relation is essentially trivial because it implies ∂0A(0) = 0, which follows immediately from the fact that A(q2)
depends only on q2.
7
4.1 Pauli-Lubanski matrix element
The covariant generalisation of J i, the Pauli-Lubanski operator Wµ, is defined by6
Wµ =
1
2
ǫµρσλM
ρσPλ. (32)
By definition, the rest-frame matrix element of Wµ coincides with J i, up to an overall mass
coefficient. Before calculating the matrix element ofWµ one must first define the general Lorentz
generator Mµν . Similarly to J i and Ki one has that
Mµν = lim
d→0
R→∞
∫
d4x fd,R(x)
[
xµT 0ν(x) − xνT 0µ(x)
]
. (33)
The matrix element of Wµ can then be written
〈p′,m′;M |Wµ|p,m;M〉 = −iǫµρσλ p
λ lim
d→0
R→∞
∂f˜d,R(q)
∂qρ
〈p′,m′;M |T 0σ(0)|p,m;M〉, (34)
which after inserting the parametrisation (3) and applying Eq. (63) gives
〈p′,m′;M |Wµ|p,m;M〉 = (2π)4δ
(+)
M (p¯)W
µ
m′m(p¯, q), (35)
with the reduced matrix element
Wµm′m(p¯, q) = S
µ
m′m(p¯) δ
4(q)G(q2), (36)
where Sµm′m(p¯) = Tr [ρm′m(p¯)S
µ] with Sµ = 12ǫ
µ
ρσλS
ρσ p¯λ the covariant spin matrices7 in the
chosen spin representation. The dependence on A(q2) completely drops out due to the con-
traction with ǫµρσλ p¯
λ and the explicit p¯σ factor multiplying this term. Unlike the rotation
and boost generators the Pauli-Lubanski operator acts in a diagonal manner on the momentum
component of the states, and so the reduced matrix elements have the general form
Wµm′m(p¯, q) = S
µ
m′m(p¯) δ
4(q). (37)
Equating Eqs. (36) and (37) immediately implies the constraint
G(q2) δ4(q) = δ4(q), (38)
which is nothing more than the condition G(0) = 1.
4.2 Covariant boost matrix element
The covariant boost Bµ is defined by the symmetrised expression
Bµ =
1
2
[MνµPν + PνM
νµ] , (39)
and coincides with Ki within matrix elements of rest-frame states. The general matrix elements
of Bµ can be directly related to those of the rotation and boost operators8, and in particular
the corresponding reduced matrix elements Bµm′m(p¯, q) are given by
B0m′m(p¯, q) = p¯
iKim′m(p¯, q), (40)
Bim′m(p¯, q) = p¯
0Kim′m(p¯, q) + ǫ
ijk p¯j J km′m(p¯, q). (41)
6Here we use the convention ǫ0123 = +1.
7The explicit form for the covariant spin matrices in terms of the non-conserved ones Σim′m(k) is given by:
S
µ
m′m
(p) =
(
p ·Σm′m(k), MΣm′m(k) +
p·Σm′m(k)
p0+M
p
)
.
8Given these definitions of W µ and Bµ the general Lorentz generator can be written in the following form:
Mµν = − 1
2P2
[{Bµ, P ν} − {Bν , Pµ}]− 1
P2
ǫ
µν
αβW
αP β, where {·, ·} is the anti-commutator.
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Using Eq. (26) it follows that Eq. (40) can be written
B0m′m(p¯, q) = iδm′m p¯
i
[
p¯0∂i − p¯i∂0
]
δ4(q)A(q2) + p¯iκim′m(p¯) δ
4(q)
[
G(q2)−A(q2)
]
= iδm′m p¯
i
[
p¯0∂i − p¯i∂0
]
δ4(q)A(q2), (42)
where the last line follows from the fact that: p¯iκim′m(p¯) = p¯
iκim′m(k) = 0. Comparing this with
the general boost matrix element representation in Eq. (27) projected on p¯ therefore implies the
constraints
A(q2) ∂jδ4(q) = ∂jδ4(q), A(q2) ∂0δ4(q) = ∂0δ4(q). (43)
Similarly, computing Bim′m(p¯, q) one obtains
Bim′m(p¯, q) =
Mǫijkp¯j
p¯0 +M
Σkm′m(k) δ
4(q)A(q2) + δm′m i
[
p¯2∂i − p¯i(p¯ · ∂)
]
δ4(q)A(q2)
+
[
ǫijk p¯jΣkm′m(p¯) + p¯
0κim′m(p¯)
]
δ4(q)
[
G(q2)−A(q2)
]
=
Mǫijkp¯j
p¯0 +M
Σkm′m(k) δ
4(q)A(q2) + δm′m i
[
p¯2∂i − p¯i(p¯ · ∂)
]
δ4(q)A(q2), (44)
where the last line follows from Eq. (88) derived in Appendix B. Comparing this with both the
general Lorentz generator matrix elements in Eqs. (15) and (27) one is left with the constraints
in Eq. (43), together with the condition: A(q2) δ4(q) = δ4(q).
The calculations in this section explicitly demonstrate that the matrix elements of the covari-
antised rotation and boost operators separately determine the constraints on G(q2) and A(q2)
respectively. In other words, choosing this covariant operator basis results in a diagonalisation
of the constraints. Overall, it initially appears that the matrix elements of the Lorentz gener-
ators, or their covariantised versions, are sufficient to derive all of the form factor constraints.
Since these constraints follow from the Lorentz transformations properties of the states, this
seemingly suggests that only Lorentz symmetry is involved. However, in deriving the ma-
trix element equations we have also implicitly used the spacetime translation transformation:
eiP ·x|p,m;M〉 = eip·x|p,m;M〉. This explains why the condition A(q2) δ4(q) = δ4(q), which
follows from the matrix element of Pµ, is also implied by the matrix elements of the various
Lorentz generators. Ultimately this means that the total constraints on the GFFs are a result
of the full Poincare´ symmetry, together with the on-shell restriction of the states.
5 Applications
We now turn to the phenomenological implications of our results, focussing specifically on the
applications to hadronic physics. The quantum interactions between matter and gravity are in
principle encoded in the GFFs, but in practice they are too weak to be directly measured in
experiment. One way of accessing information about QCD matter is through the generalised
parton distributions (GPDs) [17–19, 21]. In this case one is dealing with a non-local operator
along the light-like direction n, which enters into the description of deeply virtual Compton
scattering (DVCS) at the amplitude level. The leading-twist quark and gluon GPDs have the
following form:
V qm′m =
1
2
∫ ∞
−∞
dz
2π
eix(p¯·n)z
〈
p′,m′;M
∣∣∣ψ(− z2n) (γ · n)W[− z2n, z2n]ψ( z2n)∣∣∣p,m;M〉 , (45)
V gm′m =
nαnβ
2x(p¯ · n)
∫ ∞
−∞
dz
2π
eix(p¯·n)z
〈
p′,m′;M
∣∣∣F λα (− z2n)W[− z2n, z2n]Fλβ( z2n)∣∣∣p,m;M〉 , (46)
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where x is the longitudinal momentum fraction of the parton, and W[a,b] denotes a straight
Wilson line in the adjoint representation joining the spacetime points a and b. The non-local
quark and gluon operators which appear within the matrix elements of these definitions (OqV
and OgV ) are related to the quark and gluon EMT operators via the second Mellin moment∫ 1
−1
dxxOqV =
1
4(p¯ · n)2
ψ(0)(γ · n)(i
↔
D · n)ψ(0) =
nµnνT
µν
q
2(p¯ · n)2
, (47)∫ 1
−1
dxxOgV =
nµnν
2(p¯ · n)2
Fµλ(0)F νλ (0) =
nµnνT
µν
g
2(p¯ · n)2
, (48)
with
↔
Dµ =
→
Dµ−
←
Dµ. Eq. (3) is the most general decomposition for the symmetric and conserved
EMT, and the terms we are interested in depend at most linearly on q. To spell out the relation
between the GFFs in Eq. (3) and the Mellin moments of GPDs we need to restrict ourselves to
the twist-2 part of Eqs. (47) and (48). In particular, neglecting terms with a higher power of q,
the total GPD correlator at twist-2 reads
〈p′,m′;M |OV |p,m;M〉 = ηm′(p
′)
[
H1(x, ξ, t) +
iSαρnαqρ
p¯ · n
H2(x, ξ, t) + · · ·
]
ηm(p) δ
(+)
M (p)δ
(+)
M (p
′),
(49)
where ξ = −(q · n)/(2p¯ · n) is the light-front longitudinal momentum transfer, t = q2, and
OV = O
q
V +O
g
V . It follows that one can write the spin-independent relations∫ 1
−1
dxxH1(x, ξ, q
2) = A(q2) + · · · , (50)∫ 1
−1
dxxH2(x, ξ, q
2) = G(q2) + · · · , (51)
where · · · denotes possible contributions arising from non-leading GFFs which are multiplied
at least by ξ2. Using the results derived in this paper one can now generalise Ji’s sum rule [21]
such that it holds independently of both the spin and structure of the hadron states. From
Eq. (19) it follows that for a state of arbitrary spin with longitudinal polarisation along, say,
the z-direction, the total longitudinal linear and angular momentum (summed over quarks and
gluons) reads:
P z =
∑
a=q,g
∫ 1
−1
dxxHa1 (x, 0, 0) = A(0) = 1, (52)
Jz =
∑
a=q,g
∫ 1
−1
dxxHa2 (x, 0, 0) = G(0) = 1. (53)
The totality of the structures that parametrise the EMT cannot be constrained by the action
of the Poincare´ generators alone, and in general contains both asymmetric and non-conserved
terms. These terms are crucial in the study of the mechanical properties of hadrons, and receive
different contributions from quarks and gluons. In particular, a general expression for Ji’s rela-
tion which is valid for quarks and gluons separately would require the inclusion of such additional
terms, as observed in [10,11]. One approach to derive these terms is to write a parametrisation
of the EMT for arbitrary spin states as an expansion in terms of spin multipoles9.
9See [10] for a discussion of the spin-1 case, and [26] for a parametrisation of the vector current case for arbitrary
spin.
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Besides the hadronic relevance of the form factor constraints derived in this work, one can also
interpret these conditions in a gravitational context. In particular, if one considers the situation
in which the states correspond to a particle moving in an external (classical) gravitational field,
the zero momentum transfer limit of the form factor B(q2) = G(q2)−A(q2) has been argued to
correspond to the anomalous gravitomagnetic moment (AGM) of the particle [27], by analogy
to the case of the anomalous magnetic moment of a charged particle. Due to the constraint in
Eq. (19) it follows immediately that B(0) = 0, and hence with this interpretation the AGM must
vanish for massive particles of any spin. However, as previously outlined, this constraint arises
purely from the Poincare´ invariance of the theory, and does not in fact rely on any knowledge
of the external gravitational interactions10. Einstein’s equivalence principle is therefore not
necessary to derive the constraint B(0) = 0.
6 Conclusions
The purpose of this work was to establish the most general constraints imposed on the form
factors appearing in the Lorentz decomposition of the energy-momentum tensor matrix elements
for massive states with arbitrary spin. By comparing the form factor representation of the an-
gular momentum matrix elements with the representation due to the transformation properties
of the states under rotations, we were able to prove that the q → 0 behaviour of the leading two
form factors A(q2) and G(q2) is completely independent of both the spin and internal structure
of the states, and in particular that: A(0) = G(0) = 1. Adopting an analogous procedure for
the matrix elements of the boost generators Ki, we also established that the structure of these
objects implies identical constraints to those derived using J i. Together, these results emphasise
that the constraints imposed on the leading gravitational form factors are not specifically related
to the properties of any one of the Lorentz generators. Besides the standard Lorentz generators
one can also use the covariantised version of these operators, the Pauli-LubanskiWµ and covari-
ant boost generator Bµ, to derive constraints in the same manner. It turns out that Bµ andWµ
separately imply A(0) = 1 and G(0) = 1 respectively. In other words, choosing this covariant
operator basis results in a diagonalisation of the constraints. The main conclusion from this
analysis is that the spin-independent constraints on A(q2) and G(q2) are non-perturbative, and
arise purely due to the general Poincare´ transformation and on-shell properties of the states.
These results have several immediate implications, including the spin-universality of Ji’s sum
rule for generalised parton distributions, and the vanishing of the anomalous gravitomagnetic
moment for particles of any spin.
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A On-shell matrix elements of the Poincare´ generators
A.1 Covariant representation
The simplest on-shell matrix elements occur when calculating the matrix elements of the four-
momentum operator. In this case one has distributional relations of the following form
T (p′, p) = δ
(+)
M (p
′)δ
(+)
M (p)C(p
′, p) δ3(p′ − p), (54)
10Although the conditon B(0) = 0 for arbitrary spin states has been discussed before [20, 22, 27], until now this
statement has not been proven in a non-perturbative manner.
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where C(p′, p) is some function. In particular, C(p′, p) corresponds to the coefficients multiplying
the form factors in Eq. (3). As with any distribution, the key to simplifying Eq. (54) is to
understand how it acts on a generic test function f . For the purposes of the form factor analysis
in this paper we are mainly interested in working with the variables p¯ = 12 (p
′+p) and q = p′−p.
In these variables one can write the smeared distribution T (p¯, q) = T (p′, p) in the following
manner∫
d4p¯ d4q T (p¯, q) f(p¯, q) =
∫
d4p¯ d4q δ
(+)
M (p¯+
1
2q)δ
(+)
M (p¯−
1
2q)C(p¯, q) δ
3(q) f(p¯, q)
=
∫
d4p¯ d4q
δ
(
p¯0 − p¯0⋆
)
δ
(
q0 − q0⋆
)
4(p¯0 + 12q
0)(p¯0 − 12q
0)
C(p¯, q) δ3(q) f(p¯, q)
=
∫
d3p¯
 C(p¯0⋆, p¯, q0⋆ , q) f(p¯0⋆, p¯, q0⋆, q)
4
√
(p¯+ 12q)
2 +M2
√
(p¯− 12q)
2 +M2

∣∣∣∣∣∣
q=0
=
∫
d3p¯
C(Ep¯, p¯, 0, 0) f(Ep¯, p¯, 0, 0)
(2Ep¯)2
, (55)
where C(p¯, q) = C(p′, p) and one has used that
p¯0⋆ =
1
2
[√
(p¯+ 12q)
2 +M2 +
√
(p¯− 12q)
2 +M2
]
, (56)
q0⋆ =
√
(p¯+ 12q)
2 +M2 −
√
(p¯− 12q)
2 +M2, (57)
which implies: p¯0⋆
∣∣
q=0
=
√
p¯2 +M2 = Ep¯ and q
0
⋆
∣∣
q=0
= 0. On the level of distributions
Eq. (55) implies that the matrix element T can be explicitly written
T (p¯, q) = 2π δ
(+)
M (p¯)
C(p¯, 0)
2p¯0
δ4(q). (58)
The calculation of the rotation and boost generator matrix elements instead requires one to
evaluate more complicated distributional relations of the form
T j(p′, p) = δ
(+)
M (p
′)δ
(+)
M (p)C(p
′, p)
∂
∂pj
δ3(p′ − p), (59)
Performing an identical procedure as before, and applying the definition of the distributional
derivative [28], the smeared distribution T
j
(p¯, q) = T j(p′, p) is given by
∫
d3p¯
∂
∂qj
 C(p¯0⋆, p¯, q0⋆, q) f(p¯0⋆, p¯, q0⋆, q)
4
√
(p¯+ 12q)
2 +M2
√
(p¯− 12q)
2 +M2

∣∣∣∣∣∣
q=0
(60)
Differentiating the denominator and evaluating at q = 0 leads to a vanishing expression, so the
only terms which contribute are the derivatives of the coefficient and the test function. Since p¯0
and q0 are set to p¯0⋆ and q
0
⋆ respectively, both of which depend on q, this results in additional
terms besides those that arise due to the explicit q-dependence of f and C. Besides the fact
that p¯0⋆
∣∣
q=0
= Ep¯ and q
0
⋆
∣∣
q=0
= 0, it also follows from Eqs. (56) and (57) that
∂p¯0⋆
∂qj
∣∣∣∣
q=0
= 0,
∂q0⋆
∂qj
∣∣∣∣
q=0
= −
p¯j
Ep¯
. (61)
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After applying the chain rule together with the above identities one obtains∫
d3p¯
(2Ep¯)2
[{
−
p¯j
Ep¯
∂C(Ep¯, p¯, q
0, q)
∂q0
∣∣∣∣
q0=q0⋆
+
∂C(Ep¯, p¯, 0, q)
∂qj
}
f(Ep¯, p¯, 0, q)
− C(Ep¯, p¯, 0, q)
{
−
p¯j
Ep¯
∂f(Ep¯, p¯, q
0, q)
∂q0
∣∣∣∣
q0=q0⋆
+
∂f(Ep¯, p¯, 0, q)
∂qj
}]
q=0
, (62)
which on the level of distributions implies
T
j
(p¯, q) = −2π
δ
(+)
M (p¯)
2p¯0
[
C(p¯, 0) ∂jδ4(q)− C(p¯, 0)
p¯j
p¯0
∂0δ4(q) −
(
∂C
∂qj
−
p¯j
p¯0
∂C
∂q0
)
q=0
δ4(q)
]
.
(63)
A.2 Explicit matrix elements
In order to perform the distributional matching procedure one requires the explicit forms for
the rotation and boost generator matrix elements. In the variables p′ and p these are given by
〈p′,m′;M |J i|p,m;M〉 = (2π)4δ
(+)
M (p)
[
Σim′m(k) + δm′m iǫ
ijkpk
∂
∂pj
]
δ4(p′ − p), (64)
〈p′,m′;M |Ki|p,m;M〉 = −(2π)4δ
(+)
M (p)
[
ǫijkpj
p0 +M
Σkm′m(k)
+ δm′m i
(
p0
∂
∂pi
− pi
∂
∂p0
)]
δ4(p′ − p), (65)
which are a covariant generalisation of those derived in [12]. To derive these equations one
can use the fact that states of arbitary spin s transform under (proper orthochronous) Lorentz
transformations α as follows [15]:
U(α)|p, k;M〉 =
∑
l
D
(s)
lk (α)|Λ(α)p, l;M〉, (66)
where D(s) is the (2s + 1)-dimensional Wigner rotation matrix, and Λ(α) is the four-vector
representation of α. Since we are interested in the matrix elements of J i and Ki one must
consider the specific cases of a pure rotation α = Ri and boost α = Bi about the i-axis, where:
U(Ri) = e
−iβJi and U(Bi) = e
iξKi . Combining Eq. (66) for a pure rotation together with the
definition of the norm of the on-shell states in Eq. (2) implies
〈p′,m′;M |J i|p,m;M〉 = i
[
∂
∂β
〈p′,m′;M |U(Ri)|p,m;M〉
]
β=0
= i
∂
∂β
(∑
l
D
(s)
lm (Ri) 〈p
′,m′;M |Λ(Ri)p, l;M〉
)∣∣∣∣∣
β=0
= i
∂
∂β
(∑
l
D
(s)
lm (Ri) (2π)
4δ4(p′ − Λ(Ri)p) δ
(+)
M (p
′)δm′l
)∣∣∣∣∣
β=0
= i
[
∂
∂β
D
(s)
lm(Ri)
]
β=0
(2π)4δ4(p′ − p) δ
(+)
M (p)
+ (2π)4δ
(+)
M (p) δm′m i
[
∂
∂β
δ4(p′ − Λ(Ri)p)
]
β=0
, (67)
13
where one has implicitly used the fact that δ
(+)
M (Λ(Ri)p) = δ
(+)
M (p). By definition: Σ
i
m′m(k) =
i
[
∂
∂β
D
(s)
m′m(Ri)
]
β=0
are the (2s + 1)-dimensional spin matrices. To consistently calculate the
second term one must use the distributional properties of the Dirac delta. In general, due to
the transformation properties of distributions under linear transformations [28], one has that∫
d4p δ4(p′ − Λ(Ri)p) f(p) ≡ |detΛ(Ri)|
−1
∫
d4ℓ δ4(p′ − ℓ) f(Λ−1(Ri)ℓ)
= f(Λ−1(Ri)p
′), (68)
where f is an arbitrary test function. Expanding the test function around the point β = 0 gives
f(Λ−1(Ri)p
′) = f(p′) + β ǫijk p′j
∂f(p)
∂pk
∣∣∣∣
p=p′
+O(β2). (69)
Combining this expansion together with Eq. (68) one can then explicitly determine how the
distribution i
[
∂
∂β
δ4(p′ − Λ(Ri)p)
]
β=0
acts on test functions
∫
d4p i
[
∂
∂β
δ4(p′ − Λ(Ri)p)
]
β=0
f(p) = i
∂
∂β
(
f(p′i) + β ǫijk p′j
∂f(p)
∂pk
∣∣∣∣
p=p′
+O(β2)
)∣∣∣∣∣
β=0
= iǫijkp′j
∂f(p)
∂pk
∣∣∣∣
p=p′
, (70)
which implies the following equality:
i
[
∂
∂β
δ4(p′ − Λ(Ri)p)
]
β=0
= iǫijkpk
∂
∂pj
δ4(p′ − p). (71)
Combining this relation with Eq. (67) finally proves Eq. (64).
In the case of a pure boost α = Bi the matrix element is more complicated because the Wigner
rotation matrix D(s)(Bi) depends on both ξ and the momentum. Nevertheless, one can demon-
strate that11
i
[
∂
∂ξ
D
(s)
m′m(Bi)
]
ξ=0
=
ǫijkpj
p0 +M
Σkm′m(k). (72)
Performing identical steps as in Eq. (67), it remains to calculate an explicit expression for the
distribution i
[
∂
∂ξ
δ4(p′ − Λ(Bi)p)
]
ξ=0
. In this case
f(Λ−1(Bi)p
′) = f(p′)− ξ p′0
∂f(p)
∂pi
∣∣∣∣
p=p′
+ ξ p′i
∂f(p)
∂p0
∣∣∣∣
p=p′
+O(ξ2), (73)
from which it follows
i
[
∂
∂ξ
δ4(p′ − Λ(Bi)p)
]
ξ=0
=
[
ip0
∂
∂pi
− ipi
∂
∂p0
]
δ4(p′ − p). (74)
Combining this with Eq. (72) proves Eq. (65).
11In [12] the authors derive the form for the infinitesimal Wigner rotation for boosts, from which one can derive
the manifestly spin-representation independent expression in Eq. (72).
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In order to compare these equations with the on-shell matrix elements one must instead work
with the variables p¯ and q. Due to the explicit δ4(p′−p) component in the first terms of Eqs. (64)
and (65), these expressions are simply proportional to δ
(+)
M (p¯)δ
4(q). The second terms involving
derivatives of δ4(p′−p) are non-trivial though due to the q-dependence of δ
(+)
M (p). Nevertheless,
in the case of rotations one can write
δ
(+)
M (p) i
[
∂
∂β
δ4(p′ − Λ(Ri)p)
]
β=0
= −
δ
(
p¯0 − 12q
0 −
√
(p¯− 12q)
2 +M2
)
2(p¯0 − 12q
0)
iǫijk(p¯− 12q)
k ∂
∂qj
δ4(q)
= −
δ
(
p¯0 −
√
(p¯− 12q)
2 +M2
)
2p¯0
iǫijk p¯k
∂
∂qj
δ4(q), (75)
since the term involving the qj-derivative of q
k vanishes due to the anti-symmetric tensor. If
one now integrates this expression with a test function f(p¯, q) one ends up with∫
d3p¯ iǫijkp¯k
[
−
p¯j
4E3p¯
f(Ep¯, p¯, q0, q) +
p¯j
4E2p¯
∂f(p¯0, p¯, q0, q)
∂p¯0
∣∣∣∣
p¯0=2Ep¯
+
1
2Ep¯
∂f(Ep¯, p¯, q0, q)
∂qj
]
q=0
.
(76)
The first two terms vanish due to the contraction with ǫijk p¯k, and hence one can conclude that
δ
(+)
M (p) iǫ
ijkpk
∂
∂pj
δ4(p′ − p) = −δ
(+)
M (p¯) iǫ
ijkp¯k
∂
∂qj
δ4(q). (77)
The J i matrix element in (p¯, q) variables is therefore given by
〈p¯+ 12q,m
′;M |J i|p¯− 12q,m;M〉 = (2π)
4δ
(+)
M (p¯)
[
Σim′m(k)− δm′m iǫ
ijk p¯k
∂
∂qj
]
δ4(q). (78)
One can perform exactly the same procedure in the pure boost case, except this time there are
two derivative components. Changing variables in the expression δ
(+)
M (p)
[
ip0 ∂
∂pi
− ipi ∂
∂p0
]
δ4(p′−
p) and integrating with a test function gives
i
∫
d3p¯
[
1
2
∂f(Ep¯, p¯, q0, q)
∂qi
−
p¯i
2Ep¯
∂f(Ep¯, p¯, q0, q)
∂q0
]
q=0
, (79)
where the two terms involving p¯0-derivatives of the test function cancel one another. From this
we conclude that
δ
(+)
M (p)
[
ip0
∂
∂pi
− ipi
∂
∂p0
]
δ4(p′ − p) = −δ
(+)
M (p¯)
[
ip¯0
∂
∂qi
− ip¯i
∂
∂q0
]
δ4(q), (80)
and hence the Ki matrix element in (p¯, q) variables has the form
〈p¯+ 12q,m
′;M |Ki|p¯− 12q,m;M〉 = (2π)
4δ
(+)
M (p¯)
[
−
ǫijk p¯j
p¯0 +M
Σkm′m(k)
+ δm′m i
(
p¯0
∂
∂qi
− p¯i
∂
∂q0
)]
δ4(q). (81)
B Arbitrary spin ηm(p) identities
In this appendix we prove a series of identities involving the arbitrary spin ηm(p).
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B.1 Proof of Eq. (13)
In order to prove Eq. (13) it is important to first recognise that one can write
∂
∂qi
[ηm′(p
′)ηm(p)] =
[
∂ηm′(p¯+
1
2q)
∂qi
]
ηm(p¯) + ηm′(p¯)
[
∂ηm(p¯−
1
2q)
∂qi
]
=
[
∂ηm′(p¯+
1
2q)
∂qi
]
ηm(p¯)− ηm′(p¯)
[
∂ηm(p¯+
1
2q)
∂qi
]
. (82)
The rest and moving frame ηm are related by a global boost: ηm(p) = e
iξ(p)·κ ηm(k), where
kµ =Mgµ0 is the rest frame four-momentum, κi = S0i are the standard boost generator matrices
in the chosen spin representation, and the boost parameter is given by: ξ(p) = ξ(p) ξˆ(p), with
ξ(p) = sinh−1(|p|/M) and ξˆ(p) = p/|p|. Let us first consider the derivative of the exponential
argument in this boost, evaluated at q = 0
∂
∂qi
[
iξ(p¯+ 12q) · κ
]∣∣∣∣
q=0
=
[
∂
∂qi
ξ(p¯+ 12q)
]
q=0
(iξˆ · κ) + ξ
∂
∂qi
[
iξˆ(p¯+ 12q) · κ
]∣∣∣∣
q=0
= −
p¯i
2|p¯|p¯0ξ
(iξ · κ) +
i
2|p¯|
ǫijkǫklr ξˆjξlκr
= −
p¯i
2|p¯|p¯0ξ
(iξ · κ)−
i
2|p¯|2
ǫijk p¯j
[
Σk, (iξ · κ)
]
, (83)
where we used the fact that the boost generators transform as a three-vector under rotations
[Σk, κl] = iǫklrκr. Because the commutator with Σk = 12ǫ
kijSij acts as a derivation, it follows
from the above relation that the qi-derivative on the full exponential can be written[
∂
∂qi
eiξ(p¯+
1
2 q)·κ
]
q=0
= −
p¯i
2|p¯|p¯0ξ
(iξ · κ) eiξ(p¯)·κ −
i
2|p¯|2
ǫijk p¯j
[
Σk, eiξ(p¯)·κ
]
, (84)
and similarly with κ 7→ −κ. Using these expressions together with Eq. (82) one finds that
∂
∂qi
[ηm′(p
′)ηm(p)]
∣∣∣∣
q=0
= Tr
[
ρm′m(k)
[
∂
∂qi
e−iξ(p¯+
1
2 q)·κ
]
q=0
eiξ(p¯)·κ
]
− Tr
[
ρm′m(k) e
−iξ(p¯)·κ
[
∂
∂qi
eiξ(p¯+
1
2 q)·κ
]
q=0
]
=
p¯i
|p¯|p¯0ξ
Tr [ρm′m(k) (iξ · κ)]
+
i
|p¯|2
ǫijk p¯j Tr
[
ρm′m(k)
{(
e−iξ(p¯)·κΣkeiξ(p¯)·κ
)
− Σk
}]
. (85)
The first term vanishes because of the trace12 Tr
[
ρm′m(k)κ
i
]
= 0, and one is left with
∂
∂qi
[ηm′(p
′)ηm(p)]
∣∣∣∣
q=0
=
i
|p¯|2
ǫijk p¯j
{
Tr
[
ρm′m(p¯)Σ
k
]
− Tr
[
ρm′m(k)Σ
k
]}
. (86)
12This trace must indeed to vanish, otherwise a state at rest would be characterised by an additional three-vector
besides the spin vector.
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B.2 Proof of Eq. (25)
In order to prove Eq. (25) note that since a state is characterised only in terms of the momentum
and Pauli-Lubanski four-vectors, one can in general write [29]
ηm′(p¯)S
µνηm(p¯) = −
1
M2
ǫµναβ S
α
m′m(p¯) p¯
β , (87)
where Sαm′m(p¯) = Tr [ρm′m(p¯)S
α] with Sα = 12ǫ
α
ρσλS
ρσp¯λ the standard covariant spin matrices
in the chosen spin representation, and ǫ0123 = +1. Contracting this relation with the four-
momentum leads to ηm′(p¯)S
µνηm(p¯)p¯µ = 0, and hence
ǫijk p¯j Σkm′m(p¯) = −p¯
0 κim′m(p¯), (88)
since κi = S0i and Σk = 12ǫ
kijSij . Another consequence of Eq. (87) is that
ηm′(p¯)S
µνηm(p¯)kµ =
1
M2
ǫνµαβk
µSαm′m(p¯) p¯
β
= −
1
M2
ǫνµαβk
µSαm′m(k) p¯
β = ηm′(k)S
µνηm(k)p¯µ, (89)
and hence it follows that
Mκim′m(p¯) = −ǫ
ijkpj Σkm′m(k). (90)
Combining Eqs. (88) and (90) together with (p¯0)2 = |p¯|2 +M2 leads us to
ǫijk p¯j p¯0Σkm′m(p¯) = −|p¯|
2 κim′m(p¯) +Mǫ
ijk p¯j Σkm′m(k).
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